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Summary
MatrixLM is an open-source Julia (Bezanson et al., 2017) package for fitting matrix linear
models, which extend classical linear regression to a bilinear framework for matrix-valued
responses. It is designed for analyzing high-throughput assays in which both rows and columns
of the data matrix have associated covariates, such as in metabolomics, proteomics, or chemical
genetic screens.

In a matrix linear model, the entries of a response matrix are modeled as a joint function of
sample-level covariates (e.g., treatment group, demographic factors) and feature-level covariates
(e.g., molecular or anatomical annotations, biological groups, pathways). MatrixLM implements
efficient estimation and inference for this class of models using fast matrix operations whenever
possible allowing users to fit large numbers of models while retaining an explicit linear model
interpretation. The inputs include a response matrix and two design matrices encoding the row
and column covariates, and the main outputs include estimated coefficients, standard errors,
and test statistics for user-specified contrasts.

Compared with workflows built from many separate univariate models, MatrixLM provides a
unified interface for specifying, fitting, and summarizing matrix linear models. This reduces code
duplication, improves reproducibility, and makes it easier to express hypotheses that naturally
involve both sample- and feature-level information (for example, testing for differential effects
across feature groups or experimental conditions). By providing an efficient implementation
in Julia, MatrixLM enables researchers to perform interpretable analyses of large structured
matrix-valued data.

Statement of need
High-throughput studies in biology and medicine often produce matrix-shaped data where
each row corresponds to a sample (e.g., a patient, mutant strain, or experimental unit) and
each column represents a molecular measurement (e.g., metabolite, gene, or phenotype). In
many applications, both the samples and the measured features have associated metadata
that should be incorporated into the analysis. However, existing tools either ignore these
annotations or handle them in a fragmented, two-step fashion.

Standard approaches often involve fitting a separate model to each feature (e.g., using t-tests
or linear models) and then performing a second-stage enrichment or grouping analysis. This
approach is limited in two key ways: (1) it does not handle overlapping or quantitative
annotations well, and (2) it fails to exploit shared structure among features or among samples.
Dimension-reduction and machine learning methods address some of these issues, but often
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sacrifice interpretability and do not provide familiar statistical outputs like effect sizes or
confidence intervals.

MatrixLM addresses this gap by implementing matrix linear models (MLMs), a class of
bilinear models that allow researchers to directly model associations between sample-level and
feature-level characteristics. MLMs naturally accommodate both categorical and continuous
annotations, support hypothesis testing, and enable users to assess the effect of covariates
while adjusting for confounding structure. Compared to standard univariate workflows, MLMs
offer better interpretability and power, especially when annotations overlap or when feature
relationships are complex, as demonstrated in both chemical genetic screens (Liang et al.,
2019) and metabolomics applications (Farage et al., 2025).

Despite their utility, matrix linear models have not been widely available in reusable, general-
purpose software. MatrixLM provides a fast, open-source Julia implementation with a user-
friendly formula interface, making it easier for applied researchers to fit, interpret, and extend
these models in large-scale studies.

State of the field
The best-known software ecosystem for high-throughput biological data analysis is Bioconductor
(Huber et al., 2015). We are not aware of any package that provides the ability for large-scale
bilinear models in this ecosystem. The LIMMA family of packages (Ritchie et al., 2015),
fits separate linear models for each feature and borrows information across features using
empirical Bayes methods. While they use sample or individual-level information, they do not
use feature annotations in their modeling, which is central to MLMs. In the plant breeding
literature, bilinear models are often used for assessing gene-environment interactions. The best
known packages are metan (Olivoto & Lúcio, 2020) and Bilinear (Santantonio, 2022), but
neither is suited for high-throughput phenotypes, although they provide other more specialized
features such as missing data imputation using the EM algorithm. In principle, general-purpose
packages such as GLM.jl (Bates & others, 2024) and MixedModels.jl (Alday & Bates, 2026)
could be used to fit bilinear models using the Kronecker product formulation of MLMs. In
practice, this is impractical because the Kronecker product approach has memory requirements
beyond standard workstation hardware.

MatrixLM addresses these gaps by providing a dedicated Julia implementation for high-
throughput biological data that avoids explicit Kronecker-product formulations. It also offers a
clear interface for specifying row and column covariates, efficient estimation, and interpretable
statistical summaries.

Software design
MatrixLM is designed around two main goals: preserving interpretability and making matrix
linear models practical and fast for use on high-throughput data.

In addition to leveraging the speed of the Julia programming language, a central design choice
in MatrixLM is to exploit the algebraic structure of matrix linear models to compute least-
squares estimates directly, rather than relying on a generic regression engine built on an explicit
Kronecker-product design matrix. This reduces memory load and improves computational speed.
The implementation leverages Julia’s LinearAlgebra.jl and its integration with OpenBLAS.
This allows MatrixLM to offload heavy matrix multiplications to highly optimized routines.

In addition to estimation, the package provides standard errors, t-statistics, and p-values for
the estimated coefficients. For high-throughput data where standard assumptions such as
normality may not hold, or for small sample sizes, MatrixLM also supports permutation testing,
offering a flexible alternative to traditional parametric tests.
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The package additionally emphasizes usability through a model formula specification for
constructing the row and column design matrices. This lowers the barrier for researchers
who are already familiar with standard regression workflow syntax, while still allowing flexible
encodings of both categorical and continuous annotations.

Together, these design choices favor clarity, extensibility, and domain-oriented model
specification.

Mathematical framework
Matrix linear models extend ordinary linear regression to situations where the outcome is
a whole matrix rather than a single response vector. We arrange the data as follows (see
schematic representation in Figure 1):

• 𝑌 is an 𝑛 ×𝑚 matrix of high-throughput measurements (rows = samples, columns =
features).

• 𝑋 is an 𝑛 × 𝑝 matrix of sample-level covariates (e.g., treatment group, sex, clinical
variables).

• 𝑍 is an 𝑚×𝑞 matrix of feature-level covariates (e.g., metabolite class, pathway, or other
annotations).

• 𝐵 is a 𝑝 × 𝑞 matrix of regression coefficients linking the sample and feature covariates.

The matrix linear model assumes

𝑌 = 𝑋𝐵𝑍𝑇 +𝐸,

where 𝐸 is an 𝑛 ×𝑚 matrix of residuals. In element-wise form, each entry 𝑦𝑖𝑗 is written as

𝑦𝑖𝑗 =
𝑝

∑
𝑘=1

𝑞

∑
ℓ=1

𝑥𝑖𝑘 𝑧𝑗ℓ 𝑏𝑘ℓ + 𝑒𝑖𝑗.

As the equation above shows, the elements of 𝐵 may be interpreted as interactions between
the columns of 𝑋 and the columns of 𝑍. The residuals are assumed to have zero mean, with
a covariance Σ across the features and independent across samples,

𝑉 (vec(𝐸)) = Σ ⊗ 𝐼.

The current implementation of MatrixLM requires complete response and predictor matrices.
Missing data should therefore be addressed before model fitting using an appropriate method
selected according to the assumed missingness mechanism and the structure of the data.

We treat 𝑋 and 𝑍 as known and estimate 𝐵 by least squares, choosing 𝐵̂ to minimize the
Frobenius norm of the residuals,

𝐵̂ = argmin
𝐵

‖𝑌 − 𝑋𝐵𝑍𝑇‖2𝐹.

This optimization problem has a closed-form solution:

𝐵̂ = (𝑋𝑇𝑋)−1𝑋𝑇𝑌 𝑍 (𝑍𝑇𝑍)−1,

when 𝑋𝑇𝑋 and 𝑍𝑇𝑍 are invertible. From 𝐵̂, the software can construct fitted values
𝑌 = 𝑋𝐵̂𝑍𝑇 and standard errors and test statistics for entries of 𝐵̂ or for user-specified linear
contrasts, directly analogous to classical linear models. The covariance matrix Σ is estimated
from the empirical covariance of the residuals. Since the number of features can be comparable
or greater than the number of samples, the covariance estimate can be singular. The package
provides the user the option of using a shrinkage estimator for the covariance matrix which is
non-singular.
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When there is only a single feature (one column of 𝑌) and no feature-level design matrix 𝑍,
this framework reduces to ordinary linear regression with design matrix 𝑋. The MatrixLM

package therefore generalizes familiar linear modeling ideas to matrix-valued outcomes with
structured annotations on both rows and columns.

Figures

Figure 1: A visualization of the response (Y ∶ 𝑛 ×𝑚), sample covariates (X ∶ 𝑛 × 𝑝), feature covariates
(Z ∶ 𝑚×𝑞), and coefficients (B ∶ 𝑝× 𝑞) matrices for a matrix linear model. The dimensions in the model
correspond to 𝑛 samples/individuals, 𝑚 features/measurements, 𝑝 sample covariates, and 𝑞 feature
covariates; the matrix B is to be estimated.

Research impact statement
MatrixLM provides a practical implementation of matrix linear models for encoding relationships
and groupings high-throughput matrix-shaped data with annotations on both samples and
features. By combining a flexible formula interface with fast, closed-form least-squares
estimation, the package makes it straightforward for applied researchers to encode biological or
experimental structure directly into their models and apply matrix linear models in reproducible
workflows.

Conclusion and future directions
In ongoing work, we are extending this framework to penalized matrix linear models for high-
dimensional settings. In particular, we are developing a companion Julia package, MatrixLMnet,
which implements elastic-net and related penalties on the coefficient matrix to support variable
selection and regularization in matrix linear models.
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